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NON-ABELIAN TENSOR PRODUCT AND HOMOLOGY OF LIE
SUPERALGEBRAS
X. GARCÍA-MARTÍNEZ, E. KHMALADZE, M. LADRA
Abstract. We introduce the non-abelian tensor product of Lie superalgebras
and study some of its properties. We use it to describe the universal central
extensions of Lie superalgebras. We present the low-dimensional non-abelian
homology of Lie superalgebras and establish its relationship with the cyclic
homology of associative superalgebras. We also define the non-abelian exterior
product and give an analogue of Miller’s theorem, Hopf formula and a six-term
exact sequence for the homology of Lie superalgebras.
1. Introduction
In [1], Brown and Loday introduced the non-abelian tensor product of groups
in the context of an application in homotopy theory. Analogous theories of non-
abelian tensor product have been developed in other algebraic structures such as
Lie algebras [8] and Lie–Rinehart algebras [4]. In [8], Ellis investigated the main
properties of the non-abelian tensor product of Lie algebras and its relation to the
low-dimensional homology of Lie algebras. In particular, he described the universal
central extension of a perfect Lie algebra via the non-abelian tensor product. In [7],
the non-abelian exterior product of Lie algebras is introduced and a six-term exact
sequence relating low-dimensional homologies is obtained. In [10], using the non-
abelian tensor product, Guin defined the non-abelian low-dimensional homology
of Lie algebras and compared these groups with the cyclic homology and Milnor
additive K-theory of associative algebras.
The theory of Lie superalgebras, also called Z2-graded Lie algebras, has aroused
much interest both in mathematics and physics. Lie superalgebras play a very
important role in theoretical physics since they are used to describe supersymmetry
in a mathematical framework. A comprehensive description of the mathematical
theory of Lie superalgebras is given in [14], containing the complete classification
of all finite-dimensional simple Lie superalgebras over an algebraically closed field
of characteristic zero. In the last few years, the theory of Lie superalgebras has
experienced a remarkable evolution obtaining many results on representation theory
and classification, most of them extending well-known facts on Lie algebras.
In this paper we develop the non-abelian tensor product and the low-dimensional
non-abelian homology of Lie superalgebras, generalizing the corresponding notions
for Lie algebras, with applications in universal central extensions and homology of
Lie superalgebras and cyclic homology of associative superalgebras.
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The organization of this paper is as follows: after this introduction, in Section 2
we give some definitions and necessary well-known results for the development of
the paper. We also introduce actions and crossed modules of Lie superalgebras. In
Section 3 we introduce the non-abelian tensor product of Lie superalgebras, we es-
tablish its principal properties such as right exactness and relation with the tensor
product of supermodules. We describe the universal central extension of a perfect
Lie superalgebra via the non-abelian tensor product (Theorem 4.1). In particular,
applying this theorem, we obtain that st(m,n,A) is the universal central extension
of sl(m,n,A), for m + n ≥ 5, where A is a unital associative superalgebra. We
also study nilpotency and solvability of the non-abelian tensor product of Lie su-
peralgebras (Theorem 3.9). Using the non-abelian tensor product, in Section 5 we
introduce the low-dimensional non-abelian homology of Lie superalgebras with co-
efficients in crossed modules. We show that, if the crossed module is a supermodule,
then the non-abelian homology is the usual homology of Lie superalgebras. Then
we apply this non-abelian homology to relate cyclic homology and Milnor cyclic
homology of associative superalgebras, extending the results of [10]. Finally, in the
last section we construct the non-abelian exterior product of Lie superalgebras and
we use it to obtain Miller’s type theorem for free Lie superalgebras, Hopf formula
and a six-term exact sequence in the homology of Lie superalgebras.
Conventions and notations. Throughout this paper we denote by K a unital
commutative ring unless otherwise stated. All modules and algebras are defined
over K. We write Z2 = {0¯, 1¯} and use its standard field structure. We put (−1)
0¯ = 1
and (−1)1¯ = −1.
By a supermodule M we mean a module endowed with a Z2-gradation: M =
M0¯ ⊕M1¯. We call elements of M0¯ (resp. M1¯) even (resp. odd). Non-zero elements
of M0¯ ∪M1¯ will be called homogeneous. For a homogeneous m ∈ Mα¯, α¯ ∈ Z2,
its degree will be denoted by ∣m∣. We adopt the convention that whenever the
degree function occurs in a formula, the corresponding elements are supposed to be
homogeneous. By a homomorphism of supermodules f ∶M → N of degree ∣f ∣ ∈ Z2
we mean a linear map satisfying f(Mα¯) ⊆ Nα¯+∣f ∣. In particular, if ∣f ∣ = 0¯, then the
homomorphism f will be called of even grade (or even linear map).
By a superalgebra A we mean a supermodule A = A0¯ ⊕ A1¯ equipped with a
bilinear multiplication satisfying Aα¯Aβ¯ ⊆ Aα¯+β¯ , for α¯, β¯ ∈ Z2.
2. Preliminaries on Lie Superalgebras
In this section we review some terminology on Lie superalgebras and recall no-
tions used in the paper. We mainly follow [2, 18], although with some modifications.
We also introduce notions of actions and crossed modules of Lie superalgebras.
2.1. Definition and some examples of Lie superalgebras.
Definition 2.1. A Lie superalgebra is a superalgebraM =M0¯⊕M1¯ with a multipli-
cation denoted by [ , ], called bracket operation, satisfying the following identities:
[x, y] = −(−1)∣x∣∣y∣[y, x],
[x, [y, z]] = [[x, y], z] + (−1)∣x∣∣y∣[y, [x, z]],
[m0¯,m0¯] = 0,
for all homogeneous elements x, y, z ∈M and m0¯ ∈M0¯.
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Note that the last equation is an immediate consequence of the first one in the
case 2 has an inverse in K. Moreover, it can be easily seen that the second equation
is equivalent to the graded Jacobi identity
(−1)∣x∣∣z∣[x, [y, z]] + (−1)∣y∣∣x∣[y, [z, x]] + (−1)∣z∣∣y∣[z, [x, y]] = 0.
For a Lie superalgebra M =M0¯ ⊕M1¯, the even part M0¯ is a Lie algebra. Hence,
if M1¯ = 0, then M is just a Lie algebra. A Lie superalgebra M without even part,
i. e., M0¯ = 0, is an abelian Lie superalgebra, that is, [x, y] = 0 for all x, y ∈M .
A Lie superalgebra homomorphism f ∶M →M ′ is a supermodule homomorphism
of even grade such that f[x, y] = [f(x), f(y)] for all x, y ∈M .
Example 2.2.
(i) Any associative superalgebra A can be considered as a Lie superalgebra with
the bracket
[a, b] = ab − (−1)∣a∣∣b∣ba.
(ii) Let m, n be positive integers and A a unital associative superalgebra. Con-
sider the algebra M(m,n,A) of all (m + n) × (m + n)-matrices with entries in A
and with the usual product of matrices. A Z2-gradation is defined as follows: ho-
mogeneous elements are matrices Eij(a) having the homogeneous element a ∈ A at
the position (i, j) and zero elsewhere, and ∣Eij(a)∣ = ∣i∣ + ∣j∣ + ∣a∣, where ∣i∣ = 0¯ if
1 ≤ i ≤ m and ∣i∣ = 1¯ if m + 1 ≤ i ≤ m + n. With this gradation,M(m,n,A) turns
out to be an associative superalgebra. The corresponding Lie superalgebra will be
denoted by gl(m,n,A).
(iii) Let V = V0¯ ⊕ V1¯ be a supermodule. Then the supermodule EndK(V ) of
all linear endomorphisms V → V (of both degrees 0 and 1) has a structure of an
associative superalgebra with respect to composition (see [2]) and hence becomes
a Lie superalgebra. In particular, if the ground ring K is a field, and m, n are
dimensions of V0¯ and V1¯ respectively, then choosing a homogeneous basis of V
ordered such that even elements stand before odd, the elements of EndK(V ) can
be seen as (m + n) × (m + n)-square matrices
(a b
c d
)
where a, b, c and d are respectivelym×m,m×n, n×m and n×n matrices with entries
in K. The even elements are the matrices with b = c = 0 and the odd elements are
matrices with a = d = 0.
Let M and N be two submodules of a Lie superalgebra P . We denote by [M,N]
the submodule of P spanned by all elements [m,n] with m ∈ M and n ∈ N . A
Z2-graded submodule M is a graded ideal of P if [M,P ] ⊆ M . In particular, the
submodule Z(P ) = {c ∈ P ∶ [c, p] = 0 for all p ∈ P} is a graded ideal and it is called
the centre of P . Clearly if M and N are graded ideals of P , then so is [M,N].
Let M be a Lie superalgebra and D ∈ EndK(M). We say that D is a derivation
if for all x, y ∈M
D([x, y]) = [D(x), y] + (−1)∣D∣∣x∣[x,D(y)].
We denote by (DerK(M))α¯ the set of homogeneous derivations of degree α¯ ∈ Z2.
One verifies that the supermodule of derivations
DerK(M) = (DerK(M))
0¯
⊕ (DerK(M))
1¯
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is a subalgebra of the Lie superalgebra EndK(M).
2.2. Actions and crossed modules of Lie superalgebras.
Definition 2.3. Let P and M be two Lie superalgebras. By an action of P on M
we mean a K-bilinear map of even grade,
P ×M →M, (p,m) ↦ pm,
such that
(i) [p,p
′]m = p(p′m) − (−1)∣p∣∣p′∣ p′(pm),
(ii) p[m,m′] = [pm,m′] + (−1)∣p∣∣m∣[m, pm′],
for all homogeneous p, p′ ∈ P and m,m′ ∈M .
The action is called trivial if pm = 0 for all p ∈ P and m ∈M .
For example, if M is a graded ideal and P is a subalgebra of a Lie superalgebra
Q, then the bracket in Q induces an action of P on M .
Note that the action of P onM is the same as a Lie superalgebra homomorphism
P → DerK(M).
Remark. If M is an abelian Lie superalgebra enriched with an action of a Lie
superalgebra P , then M has a structure of a supermodule over P (P -supermodule,
for short) (see e. g. [18]), that is, there is aK-bilinear map of even grade P×M →M ,(p,m)↦ pm, such that
[p, p′]m = p(p′m) − (−1)∣p∣∣p′∣p′(pm),
for all homogeneous p, p′ ∈ P and m ∈M .
Note that a P -supermoduleM is the same as a K-supermoduleM together with
a Lie superalgebra homomorphism P → EndK(M).
Definition 2.4. Given two Lie superalgebras M and P with an action of P on
M , we can define the semidirect product M ⋊ P with the underlying supermodule
M ⊕P endowed with the bracket given by
[(m,p), (m′, p′)] = ([m,m′] + pm′ − (−1)∣m∣∣p′∣(p′m), [p, p′]).
Now we are ready to introduce the following notion of crossed modules of Lie
superalgebras (see also [23, Definition 5]).
Definition 2.5. A crossed module of Lie superalgebras is a homomorphism of Lie
superalgebras ∂∶M → P with an action of P on M satisfying
(i) ∂(pm) = [p, ∂(m)],
(ii) ∂(m)m′ = [m,m′],
for all p ∈ P and m,m′ ∈M .
Example 2.6. There are some standard examples of crossed modules:
(i) The inclusionM ↪ P of a graded idealM of a Lie superalgebra P is a crossed
module of Lie superalgebras.
(ii) If P is a Lie superalgebra andM is a P -supermodule, the trivial map 0∶M →
P is a crossed module of Lie superalgebras.
(iii) A central extension of Lie superalgebras ∂∶M ↠ P (i.e., Ker∂ ⊆ Z(M)) is
a crossed module of Lie superalgebras. Here the action of P on M is given by
pm = [m¯,m], where m¯ ∈M is any element of ∂−1(p).
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(iv) The homomorphism of Lie superalgebras ∂∶M → DerK(M) which sends m ∈
M to the inner derivation ad(m) ∈ DerK(M), defined by ad(m)(m′) = [m,m′],
together with the action of DerK(M) on M given by Dm = D(m), is a crossed
module of Lie superalgebras.
Lemma 2.7. Let ∂∶M → P be a crossed module of Lie superalgebras. Then the
following conditions are satisfied:
(i) The kernel of ∂ is in the centre of M .
(ii) The image of ∂ is a graded ideal of P .
(iii) The Lie superalgebra Im∂ acts trivially on the centre Z(M), and so trivially
on Ker∂. Hence Ker ∂ inherits an action of P / Im∂ making Ker∂ a P / Im∂-
supermodule.
Proof. This is an immediate consequence of Definition 2.5. 
2.3. Free Lie superalgebra and enveloping superalgebra of a Lie superal-
gebra.
Definition 2.8. The free Lie superalgebra on a Z2-graded set X =X0¯ ∪X1¯ is a Lie
superalgebra F(X) together with a degree zero map i∶X → F(X) such that if M
is any Lie superalgebra and j∶X →M is a degree zero map, then there is a unique
Lie superalgebra homomorphism h∶F(X)→M with j = h ○ i.
The existence of free Lie superalgebras is guaranteed by an analogue of Witt’s
theorem (see [18, Theorem 6.2.1]). In the sequel we need the following construction
of the free Lie superalgebra.
Construction 2.9. Let X = X0¯ ∪X1¯ be a Z2-graded set. Denote by mag(X) the
free magma over the set X. The free superalgebra on X, denoted by alg(X), has
as elements the finite sums ∑i λivi, where λi ∈ K and xi are elements of mag(X)
and the multiplication in alg(X) extends the multiplication in mag(X). Note that
the grading is naturally defined in alg(X). The free Lie superalgebra F(X) is the
quotient alg(X)/I, where I is the graded ideal generated by the elements
xy + (−1)∣x∣∣y∣yx,
(−1)∣x∣∣z∣(x(yz)) + (−1)∣y∣∣x∣(y(zx)) + (−1)∣z∣∣y∣(z(xy)),
x0¯x0¯,
for all homogeneous x, y, z ∈X and x0¯ ∈X0¯.
Definition 2.10. The universal enveloping superalgebra of a Lie superalgebra M
is a pair (U(M), σ), where U(M) is a unital associative superalgebra and σ∶M →
U(M) is an even linear map satisfying
σ[x, y] = σ(x)σ(y) − (−1)∣x∣∣y∣σ(y)σ(x), (1)
for all homogeneous x, y ∈M , such that the following universal property holds: for
any other pair (A,σ′), where A is a unital associative superalgebra and σ′∶M → A
is an even linear map satisfying (1), there is a unique superalgebra homomorphism
f ∶U(M)→ A such that f ○ σ = σ′.
Now we need to recall (see e. g. [21]) that, given two supermodules M and N ,
the tensor product of modules M ⊗K N has a natural supermodule structure with
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Z2-grading given by
(M ⊗K N)α¯ = ⊕
β¯+γ¯=α¯
(Mβ¯ ⊗K Nγ¯).
In particular, the tensor power M⊗n, n ≥ 2, has the induced Z2-grading. Hence the
tensor algebra T (M) has the Z2-grading extending that of M . We call T (M) the
tensor superalgebra.
Construction 2.11. Let M be a Lie superalgebra and T (M) the tensor superalge-
bra over the underlying supermodule of M . Consider the two-sided ideal J(M) of
T (M) generated by all elements of the form
m⊗m′ − (−1)∣m∣∣m′∣m′ ⊗m − [m,m′],
for all homogeneous m,m′ ∈ M . Then the quotient U(M) = T (M)/J(M) is a
unital associative superalgebra. By composing the canonical inclusion M → T (M)
with the canonical projection T (M)→ U(M) we get the canonical even linear map
σ∶M → U(M). Then the pair (U(M), σ) is the universal enveloping superalgebra
of M (see [2]).
Note that, as in the Lie algebra case, the universal enveloping superalgebra turns
out to be a very useful tool for the representation theory of Lie superalgebras. In
particular, by the universal property, it follows that a Lie supermodule over a Lie
superalgebra M is the same as a Z2-graded (left) U(M)-module (see [21, Chapter
1]).
Let us consider K with Z2-grading concentrated in degree zero, that is, with
K1¯ = 0. Then the trivial map from a Lie superalgebra M into K gives rise to a
unique homomorphism of superalgebras ε∶U(M)→ K. The kernel of ε, denoted by
Ω(M), is called the augmentation ideal of M . Obviously, Ω(M) is just the graded
ideal of U(M) generated by σ(M).
2.4. Homology of Lie superalgebras. Now we briefly recall from [18, 22] the
definition of homology of Lie superalgebras.
The Grassmann algebra of a Lie superalgebra P , denoted by ⋀K(P ), is defined
to be the quotient of the tensor superalgebra T (P ) of P by the ideal generated by
the elements
x⊗ y + (−1)∣x∣∣y∣y ⊗ x,
for all homogeneous x, y ∈ P . Note that ⋀K(P ) =⊕n>0⋀nK(P ), where ⋀nK(P ) is the
image of P⊗n in ⋀K(P ), has an induced P -supermodule structure given by
x(x1 ∧⋯∧ xn) = n∑
i=1
(−1)∣x∣∑k<i ∣xk ∣(x1 ∧⋯∧ [x,xi] ∧⋯ ∧ xn).
Let M be a P -supermodule and consider the chain complex (C∗(P,M), d∗) de-
fined by Cn(P,M) = ⋀nK(P )⊗KM , for n ≥ 0, with boundary maps dn∶Cn(P,M) →
Cn−1(P,M) defined on generators by
dn(x1 ∧⋯ ∧ xn ⊗ y) = n∑
i=1
(−1)i+∣xi∣∑k>i ∣xk ∣(x1 ∧⋯ ∧ xˆi ∧⋯∧ xn ⊗ xiy)
+∑
i<j
(−1)i+j+∣xi ∣∑k<i ∣xk ∣+∣xj ∣∑l<j ∣xl∣+∣xi ∣∣xj ∣([xi, xj] ∧⋯ ∧ xˆi ∧⋯∧ xˆj ∧⋯∧ xn ⊗ y).
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The n-th homology of the Lie superalgebra P with coefficients in the P -supermodule
M , Hn(P,M), is the n-th homology of the chain complex (C∗(P,M), d∗), i.e.
Hn(P,M) = Kerdn
Imdn+1
.
If K is regarded as a trivial P -supermodule, we write Hn(P ) for Hn(P,K).
In the case when the ground ring K is a field, there is a relation between Tor
functor and the homology (see [18]) given by
Hn(P,M) ≅ TorU(P )n (K,M).
By analogy to Lie algebras (see e. g. [11]), we have the following isomorphisms
H0(P,M) ≅ Coker (Ω(P )⊗U(P ) M Ð→M), (2)
H1(P,M) ≅ Ker (Ω(P )⊗U(P ) M Ð→M). (3)
3. Non-abelian tensor product of Lie superalgebras
In this section we introduce a non-abelian tensor product of Lie superalgebras,
which generalizes the non-abelian tensor product of Lie algebras [8], and study its
properties.
3.1. Construction of the non-abelian tensor product.
Definition 3.1. Let M and N be two Lie superalgebras with actions on each
other. Let XM,N be the Z2-graded set of all symbols m ⊗ n, where m ∈M0¯ ∪M1¯,
n ∈ N0¯ ∪N1¯ and the Z2-gradation is given by ∣m⊗n∣ = ∣m∣+ ∣n∣. We define the non-
abelian tensor product of M and N , denoted by M ⊗N , as the Lie superalgebra
generated by XM,N and subject to the relations:
(i) λ(m⊗ n) = λm⊗ n =m⊗ λn,
(ii) (m +m′)⊗ n =m⊗ n +m′ ⊗ n, where m,m′ have the same grade,
m⊗ (n + n′) =m⊗ n +m⊗ n′, where n,n′ have the same grade,
(iii) [m,m′]⊗ n =m⊗m′n − (−1)∣m∣∣m′∣(m′ ⊗mn),
m⊗ [n,n′] = (−1)∣n′∣(∣m∣+∣n∣)(n′m⊗ n) − (−1)∣m∣∣n∣(nm⊗ n′),
(iv) [m⊗ n,m′ ⊗ n′] = −(−1)∣m∣∣n∣(nm⊗m′n′),
for every λ ∈ K, m,m′ ∈M0¯ ∪M1¯ and n,n
′ ∈ N0¯ ∪N1¯.
Let us remark that if m = m0¯ +m1¯ is any element of M and n = n0¯ + n1¯ is any
element of N , then under the notation m⊗ n we mean the sum
m0¯ ⊗ n0¯ +m0¯ ⊗ n1¯ +m1¯ ⊗ n0¯ +m1¯ ⊗ n1¯.
If M = M0¯ and N = N0¯ then M ⊗N is the non-abelian tensor product of Lie
algebras introduced and studied in [8] (see also [12]).
Definition 3.2. Actions of Lie superalgebras M and N on each other are said to
be compatible if
(i) (
n
m)n′ = −(−1)∣m∣∣n∣[mn,n′],
(ii) (
mn)m′ = −(−1)∣m∣∣n∣[nm,m′],
for all m,m′ ∈M0¯ ∪M1¯ and n,n
′ ∈ N0¯ ∪N1¯.
For example, if M and N are two graded ideals of some Lie superalgebra, the
actions induced by the bracket are compatible.
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Proposition 3.3. Let M and N be Lie superalgebras acting compatibly on each
other. Then there is a natural isomorphism of Lie superalgebras
M ⊗N ≅
M ⊗K N
D(M,N) ,
where D(M,N) is the submodule of the supermodule M ⊗K N generated by the
elements
(i) [m,m′]⊗ n −m⊗m′n + (−1)∣m∣∣m′∣(m′ ⊗mn),
(ii) m⊗ [n,n′] − (−1)∣n′∣(∣m∣+∣n∣)(n′m⊗ n) + (−1)∣m∣∣n∣(nm⊗ n′),
(iii) (nm)⊗ (mn), with ∣m∣ = ∣n∣
(iv) (−1)∣m∣∣n∣(nm)⊗ (m′n′) + (−1)(∣m∣+∣n∣)(∣m′∣+∣n′∣)+∣m′ ∣∣n′∣(n′m′)⊗ (mn),
(v) ↺
(m,n),(m′,n′),(m′′,n′′)
(−1)(∣m∣+∣n∣)(∣m′′∣+∣n′′ ∣)+∣m∣∣n∣+∣m′ ∣∣n′ ∣[nm,n′m′]⊗ (m′′n′′),
for all m,m′,m′′ ∈M0¯ ∪M1¯ and n,n
′, n′′ ∈ N0¯ ∪N1¯, where↺
x,y,z
denotes the cyclic
summation with respect to x, y, z.
Proof. There is a Lie superalgebra structure on the supermodule (M⊗KN)/D(M,N)
given on generators by the following bracket
[m⊗ n,m′ ⊗ n′] = −(−1)∣m∣∣n∣(nm⊗m′n′),
for all m,m′ ∈ M0¯ ∪M1¯, n,n
′ ∈ N0¯ ∪ N1¯ and extended by linearity. It is rou-
tine to check that this bracket is compatible with the defining relations of (M ⊗K
N)/D(M,N) and it indeed defines a Lie superalgebra structure. Then the canon-
ical homomorphism M ⊗N → (M ⊗K N)/D(M,N), m⊗ n ↦ m⊗ n, is an isomor-
phism. 
The proof of the following proposition is a routine calculation.
Proposition 3.4. Let M and N be two Lie superalgebras acting compatibly on
each other.
(i) The following morphisms
µ∶M ⊗N →M, m⊗ n ↦ −(−1)∣m∣∣n∣(nm),
ν∶M ⊗N →N, m⊗ n↦ mn,
are Lie superalgebra homomorphisms.
(ii) There are actions of M and N on M ⊗N given by
m′(m⊗ n) = [m′,m]⊗ n + (−1)∣m∣∣m′∣m⊗ (m′n),
n
′(m⊗ n) = (n′m)⊗ n + (−1)∣n∣∣n′∣m⊗ [n′, n],
for m,m′ ∈M0¯ ∪M1¯, n,n
′ ∈ N0¯ ∪N1¯ and extended by linearity. Moreover,
with these actions µ and ν are crossed modules of Lie superalgebras.
We will denote by [M,N]M (resp. [M,N]N ) the image of µ (resp. ν), which by
Lemma 2.7(ii) is a graded ideal of M (resp. N) generated by the elements of the
form nm (resp. mn) for m ∈ M and n ∈ N . Note that by Lemma 2.7(iii) Ker(µ)(resp. Ker(ν)) is an M/[M,N]M -supermodule (resp. N/[M,N]N -supermodule).
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3.2. Some properties of the non-abelian tensor product. The obvious ana-
logues of Brown and Loday results [1] hold for Lie superalgebras. In the following
two propositions immediately below we show that sometimes the non-abelian ten-
sor product of Lie superalgebras can be expressed in terms of the tensor product
of supermodules.
Proposition 3.5. Let M and N be Lie superalgebras acting on each other. Then
the canonical map M ⊗K N → M ⊗ N , m ⊗ n ↦ m ⊗ n, is an even, surjective
homomorphism of supermodules. In addition, if M and N act trivially on each
other, then M ⊗N is an abelian Lie superalgebra and there is an isomorphism of
supermodules
M ⊗N ≅Mab ⊗K N
ab,
where Mab =M/[M,M] and Nab = N/[N,N].
Proof. It is straightforward by the identities (iv), (iii) of Definition 3.1. 
Proposition 3.6. Let P be a Lie superalgebra and M a P -supermodule considered
as an abelian Lie superalgebra acting trivially on P . Then there is an isomorphism
of supermodules
P ⊗M ≅ Ω(P )⊗U(P ) M.
Proof. By Proposition 3.3 there is an isomorphism of supermodules
P ⊗M ≅
P ⊗K M
W
,
where W is the submodule of P ⊗K M generated by all elements of the form
[p, p′]⊗m − p⊗ p′m + (−1)∣p∣∣p′∣p′ ⊗ pm
for all p, p′ ∈ P0¯ ∪ P1¯ and m ∈ M0¯ ∪M1¯. Now by using Construction 2.11 and by
repeating the respective part of the proof of [3, Proposition 13], it is easy to see
that there is an isomorphism of supermodules
P ⊗K M
W
≅ Ω(P )⊗U(P ) M,
which completes the proof. 
The non-abelian tensor product of Lie superalgebras is symmetric, in the sense
of the following proposition.
Proposition 3.7. The Lie superalgebra homomorphism
M ⊗N → N ⊗M, m⊗ n↦ −(−1)∣m∣∣n∣(n⊗m),
is an isomorphism.
Proof. This can be checked readily. 
Let us consider the category SLie2
K
whose objects are ordered pairs of Lie superal-
gebras (M,N) acting compatibly on each other, and the morphisms are pairs of Lie
superalgebra homomorphisms (φ∶M →M ′, ψ∶N →N ′) which preserve the actions,
i.e., φ(nm) = ψ(n)φ(m) and ψ(mn) = φ(m)ψ(n). For such a pair (φ,ψ) we have a
homomorphism of Lie superalgebras φ⊗ψ∶M⊗N →M ′⊗N ′, m⊗n ↦ φ(m)⊗ψ(n).
Therefore, ⊗ is a functor from SLie2
K
to the category of Lie superalgebras.
10 X. GARCÍA-MARTÍNEZ, E. KHMALADZE, M. LADRA
Given an exact sequence in SLie2
K
(0,0)Ð→ (K,L) (i,j)ÐÐ→ (M,N) (φ,ψ)ÐÐÐ→ (P,Q) Ð→ (0,0), (4)
by Proposition 3.4(ii) there is a Lie superalgebra homomorphism M ⊗ L → L and
an action of N on K ⊗N . Thus, there is an action of M ⊗L on K ⊗N , so we can
form the semidirect product (K⊗N)⋊(M ⊗L), and we have the following obvious
analogue of [8, Proposition 9].
Proposition 3.8. Given the short exact sequence (4), there is an exact sequence
of Lie superalgebras
(K ⊗N) ⋊ (M ⊗L) αÐÐ→M ⊗N φ⊗ψÐÐ→ P ⊗QÐ→ 0.
In particular, given a Lie superalgebra M and a graded ideal K of M , there is
an exact sequences of Lie superalgebras
(K ⊗M) ⋊ (M ⊗K)→M ⊗M → (M/K)⊗ (M/K)→ 0. (5)
3.3. Nilpotency, solvability and Engel of the non-abelian tensor product.
The results from [20] on nilpotency, solvability and Engel of the non-abelian tensor
product on Lie algebras can be easily extended to the case of Lie superalgebras.
The notions of nilpotency and solvability of Lie superalgebras are given in [18]. As
they are very similar to the respective notions for Lie algebras, we omit them. We
say that a Lie superalgebra M is n-Engel if it satisfies ad(x)n = 0 for all x ∈ M .
The proof of the following result is similar to the proof of [20, Theorem 2.2].
Theorem 3.9. Let M and N be two Lie superalgebras acting compatibly on each
other. Then,
(i) If [M,N]M is nilpotent, then M⊗N and [M,N]N are nilpotent too. More-
over, if the nilpotency class of [M,N]M is cl([M,N]M ), then
cl([M,N]M) ≤ cl(M ⊗N) ≤ cl([M,N]M) + 1,
cl([M,N]N) ≤ cl([M,N]M) + 1.
(ii) If [M,N]M is solvable, then M ⊗N and [M,N]N are solvable too. More-
over, if the derived length of [M,N]M is ℓ([M,N]M), then
ℓ([M,N]M) ≤ ℓ(M ⊗N) ≤ ℓ([M,N]M) + 1,
ℓ([M,N]N) ≤ ℓ([M,N]M) + 1.
(iii) If [M,N]M is Engel, then M ⊗N and [M,N]N are Engel too. Moreover,
if [M,N]M is n-Engel, then M ⊗N and [M,N]N are (n + 1)-Engel.
4. Universal central extensions of Lie superalgebras
Now we use the non-abelian tensor product of Lie superalgebras to describe
universal central extensions of Lie superalgebras. Recall that a central extension
u∶U ↠ P is universal if for any other central extension f ∶M ↠ P there is a unique
homomorphism θ∶U → M such that f ○ θ = u. It is shown in [19] that a Lie
superalgebra P admits a universal central extension if and only if P is perfect, i.e.
P = [P,P ].
It follows from Proposition 3.4 and Lemma 2.7(i) that the homomorphism u∶P ⊗
P ↠ [P,P ], u(p⊗p′) = [p, p′], is a central extension of the Lie superalgebra [P,P ].
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Theorem 4.1. If P is a perfect Lie superalgebra, then the central extension u∶P ⊗
P ↠ P is the universal central extension.
Proof. Let f ∶M ↠ P be a central extension of P . Since Ker f is in the centre of M ,
we get a well-defined homomorphism of Lie superalgebras θ∶P ⊗ P → M given by
θ(p⊗p′) = [mp,mp′], where mp and mp′ are any preimages of p and p′, respectively.
Obviously θ ○ f = u. Since P is perfect, then by relation (iv) of Definition 3.1, so is
P ⊗P . Then by [19, Lemma 1.4] the homomorphism θ is unique. 
Remark. If P is a perfect Lie superalgebra, then H2(P ) ≈ Ker(P ⊗ P uÐ→ P ), since
the kernel of the universal central extension is isomorphic to the second homology
H2(P ) (see [19]).
It is a classical result that the universal central extension of the Lie algebra
sl(n,A), where A is a unital associative algebra, is the Steinberg algebra st(n,A),
when n ≥ 5 (see e. g. [16]). Recently, in [5, 9], this result has been extended to Lie
superalgebras. Below, using the non-abelian tensor product of Lie superalgebras,
we propose an alternative proof of the same result.
First we recall from [5] that, given a unital associative superalgebra A, the Lie
superalgebra sl(m,n,A), m + n ≥ 3, is defined to be the subalgebra of the Lie
superalgebra gl(m,n,A) (see Example 2.2 (ii)) generated by the elements Eij(a),
1 ≤ i ≠ j ≤ m + n, a ∈ A0¯ ∪ A1¯. It is shown in [5, Lemma 3.3] that sl(m,n,A) is
a perfect Lie superalgebra. This guarantees the existence of the universal central
extension of sl(m,n,A).
The Steinberg Lie superalgebra st(m,n,A) is defined for m + n ≥ 3 to be the Lie
superalgebra generated by the homogeneous elements Fij(a), where 1 ≤ i ≠ j ≤m+n,
a ∈ A is a homogeneous element and the Z2-grading is given by ∣Fij(a)∣ = ∣i∣+ ∣j∣+ ∣a∣,
subject to the following relations:
a↦ Fij(a) is a K-linear map,
[Fij(a), Fjk(b)] = Fik(ab), for distinct i, j, k,
[Fij(a), Fkl(b)] = 0, for j ≠ k, i ≠ l.
Theorem 4.2 ([5]). If m + n ≥ 5, then the canonical epimorphism
st(m,n,A)↠ sl(m,n,A), Fij(a)↦ Eij(a),
is the universal central extension of the perfect Lie superalgebra sl(m,n,A).
Proof. We claim that there is an isomorphism of Lie superalgebras
st(m,n,A) ≅ st(m,n,A)⊗ st(m,n,A).
Indeed, one can readily check that the maps
st(m,n,A) Ð→ st(m,n,A)⊗ st(m,n,A), Fij(a) ↦ Fik(a)⊗ Fkj(1) for k ≠ i, j,
st(m,n,A)⊗ st(m,n,A) Ð→ st(m,n,A), Fij(a)⊗ Fkl(b)↦ [Fij(a), Fkl(b)],
are well-defined homomorphisms of Lie superalgebras if m + n ≥ 5, and they are
inverses to each other. Since st(m,n,A) is a perfect Lie superalgebra, then Theo-
rem 4.1 and [19, Corollary 1.9] complete the proof. 
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5. Non-abelian homology of Lie superalgebras
The low-dimensional non-abelian homology of Lie algebras with coefficients in
crossed modules was defined in [10] and it was extended to all dimensions in [12]. In
this section we extend to Lie superalgebras the construction of zero and first non-
abelian homologies. We also relate the non-abelian homology of Lie superalgebras
with the cyclic homology of associative superalgebras studied in [13, 15].
5.1. Construction of the non-abelian homology and some properties. Let
P be a Lie superalgebra. We denote by Cross(P) the category of crossed modules of
Lie superalgebras over P (crossed P -modules, for short), whose objects are crossed
modules (M,∂) ≡ (∂∶M → P ) and a morphism from (M,∂) to (N,∂′) is a Lie
superalgebra homomorphism f ∶M → N such that f(pm) = pf(m) for all p ∈ P ,
m ∈ M and ∂′ ○ f = ∂. By an exact sequence (L,∂′′) fÐ→ (M,∂) gÐ→ (N,∂′) in
Cross(P) we mean that the sequence of Lie superalgebras L fÐ→M gÐ→ N is exact.
Lemma 5.1. Given a short exact sequence in Cross(P)
0→ (L,∂′′) fÐ→ (M,∂) gÐ→ (N,∂′) → 0,
the morphism ∂′′∶L→ P is trivial and L is an abelian Lie superalgebra.
Proof. Clearly ∂′′ = ∂′ ○ g ○ f = 0 and [l, l′] = ∂′′(l)l′ = 0, for all l, l′ ∈ L. 
If (M,∂) and (N,∂′) are two crossed P -modules, then the Lie superalgebras M
and N act compatibly on each other via the action of P . Thus, we can construct
the non-abelian tensor product of Lie superalgebras M ⊗N . Moreover, we have
an action of P on M ⊗N defined by p(m ⊗ n) = pm ⊗ n + (−1)∣p∣∣m∣m ⊗ pn, and
straightforward computations show that η∶M ⊗N → P , m⊗ n ↦ [∂(m), ∂′(n)], is
a crossed P -module.
Proposition 5.2. Let (M,∂) be a crossed P -module. There is a right exact functor(M ⊗ −)∶Cross(P)→ Cross(P) given, for any crossed P -module (N,∂′), by
(M ⊗ −)(N,∂′) = (M ⊗N,η).
Proof. It is an immediate consequence of Proposition 3.8 
Definition 5.3. Let (M,∂) be a crossed P -module. We define the zero and first
non-abelian homologies of P with coefficients in M by setting
H0(P,M) = Coker ν and H1(P,M) = Ker ν,
where ν∶P ⊗M → M , p ⊗m ↦ pm, is the Lie superalgebra homomorphism as in
Proposition 3.4.
If we consider the crossed P -module (P, idP ) we have that
H0(P,P ) = P[P,P ] ≅ H1(P ).
In addition, if P is perfect, by Theorem 4.1 we have that H1(P,P ) ≅ H2(P ).
The zero and first non-abelian homologies generalize respectively the zero and
first homologies of Lie superalgebras in the sense of the following proposition.
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Proposition 5.4. Let the ground ring K be a field. Let P be a Lie superalgebra
and M a P -supermodule thought as a crossed P -module (M,0). Then there are
isomorphisms of super vector spaces
H0(P,M) ≅ H0(P,M) and H1(P,M) ≅ H1(P,M).
Proof. This is a direct consequence of Proposition 3.6 and the isomorphisms (2)
and (3). 
Proposition 5.5. Given a short exact sequence in Cross(P)
0→ (L,0)→ (M,∂)→ (N,∂′)→ 0
we have an exact sequence of supermodules
H1(P,L) →H1(P,M) →H1(P,N) →H0(P,L) →H0(P,M) →H0(P,N) → 0.
Proof. The proof is an immediate consequence of the snake lemma applied to the
diagram obtained from Proposition 5.2
P ⊗L

// P ⊗M

// P ⊗N

// 0
0 // L // M // N // 0.

5.2. Application to the cyclic homology of associative superalgebras. Now
we recall from [15] and [13] the definition of cyclic homology of associative superal-
gebras. Let A be an associative superalgebra and (C′∗(A), d′∗) denote its Hochschild
complex, that is C′n(A) = A⊗K(n+1) and the boundary map dn∶C′n(A) → C′n−1(A) is
given by
d′n(a0 ⊗⋯⊗ an) =
n−1
∑
i=0
(−1)ia0 ⊗⋯⊗ aiai+1 ⊗⋯⊗ an
+ (−1)n+∣an∣(∣a0 ∣+⋯+∣an−1∣)ana0 ⊗⋯⊗ an−1.
Now the cyclic group Z/(n + 1)Z acts on A⊗K(n+1) via
tn(a0 ⊗⋯⊗ an) = (−1)n+∣an∣∑k<n ∣ak ∣an ⊗ a0 ⊗⋯⊗ an−1,
where tn = 1 + (n + 1)Z ∈ Z/(n + 1)Z. For each n ≥ 0, consider the quotient
Cn(A) = A⊗K(n+1)/ Im(1−tn) which is the module of coinvariants of C′n(A) under the
Z/(n + 1)Z-action. Then d′n induces a well-defined map dn∶Cn(A) → Cn−1(A) and
there is an induced chain complex (C∗(A), d∗), which is called the Connes complex
of A. Its homologies are, by definition, the cyclic homologies of the associative
superalgebra A, denoted by HCn(A), n ≥ 0.
Easy calculations show that, given an associative superalgebra A, HC1(A) is the
kernel of the homomorphism of supermodules
(A⊗K A)/ I(A)→ [A,A], a⊗ b ↦ ab − (−1)∣a∣∣b∣ba,
where [A,A] is the graded submodule of A generated by the elements ab−(−1)∣a∣∣b∣ba
and I(A) is the graded submodule of the supermodule A ⊗K A generated by the
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elements
a⊗ b + (−1)∣a∣∣b∣b⊗ a,
ab⊗ c − a⊗ bc + (−1)∣c∣(∣a∣+∣b∣)ca⊗ b,
for all homogeneous a, b, c ∈ A.
Now let us consider A as a Lie superalgebra (see Example 2.2(i)). Then there
is a Lie superalgebra structure on (A⊗K A)/ I(A) given by
[a⊗ b, a′ ⊗ b′] = [a, b]⊗ [a′, b′]
for all a, a′, b, b′ ∈ A. We denote this Lie superalgebra by V(A). In fact, V(A) is
the quotient of the non-abelian tensor product A⊗A by the graded ideal generated
by the elements x⊗ y + (−1)∣x∣∣y∣y ⊗ x and xy ⊗ z − x ⊗ yz + (−1)∣z∣(∣x∣+∣y∣)zx⊗ y, for
all homogeneous x, y, z ∈ A.
Proposition 5.6. Let A be a Lie superalgebra. Then the following assertions hold:
(i) There are compatible actions of the Lie superalgebras A and V(A) on each
other.
(ii) The map µ∶V(A) → A given by x ⊗ y ↦ [x, y], together with the action of
A on V(A), is a crossed module of Lie superalgebras.
(iii) The action of A on V(A) induces the trivial action of A on HC1(A).
(iv) There is a short exact sequence in the category Cross(A)
0→ (HC1(A),0)→ (V(A), µ) → ([A,A], i) → 0,
where i∶ [A,A] → A is the inclusion.
Proof.
(i) The action of A on V(A) is induced by the action of A on A ⊗ A given in
Proposition 3.4(ii), that is
a(x⊗ y) = [a,x] ⊗ y + (−1)∣a∣∣x∣x⊗ [a, y]
= ax⊗ y + (−1)∣a∣(∣x∣+∣y∣)x⊗ ya − (−1)∣x∣∣a∣x⊗ ay − (−1)∣x∣∣a∣xa⊗ y
= a⊗ xy − (−1)∣x∣∣y∣a⊗ yx
= a⊗ [x, y],
whilst the action of V(A) on A is defined by
x⊗ya = [[x, y], a]
for all homogeneous a,x, y ∈ A. Straightforward calculations show that these are
indeed (compatible) actions of Lie superalgebras.
(ii) Since the crossed module of Lie superalgebras A ⊗ A → A, x ⊗ y ↦ [x, y],
given in Proposition 3.4, vanishes on the elements of the form x⊗ y + (−1)∣x∣∣y∣y⊗x
and xy ⊗ z − x⊗ yz + (−1)∣z∣(∣x∣+∣y∣)zx⊗ y, then µ is well defined and obviously it is
a crossed module of Lie superalgebras.
(iii) If ∑i λi(xi ⊗ yi) ∈ HC1(A), i.e. ∑i λi[xi, yi] = 0, then for all a ∈ A we have
a(∑
i
λi(xi ⊗ yi)) =∑
i
λi(a⊗ [xi, yi]) = a⊗∑
i
λi[xi, yi] = 0.
(iv) This is an immediate consequence of the assertions above. 
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By Proposition 5.5 we have the following exact sequence of supermodules
H1(A,HC1(A)) H1(A,V(A)) H1(A, [A,A])
H0(A,HC1(A)) H0(A,V(A)) H0(A, [A,A]) 0.
(6)
Below, we will calculate some of the terms of this exact sequence. At first, by
analogy to the Dennis-Stein generators [6], we give a definition of the first Milnor
cyclic homology for associative superalgebras.
Definition 5.7. Let A be an associative superalgebra. We define the first Milnor
cyclic homology HCM1 (A) of A to be the quotient of the supermodule A ⊗K A by
the graded ideal generated by the elements
a⊗ b + (−1)∣a∣∣b∣b⊗ a,
ab⊗ c − a⊗ bc + (−1)∣c∣(∣a∣+∣b∣)ca⊗ b,
a⊗ bc − (−1)∣b∣∣c∣a⊗ cb,
for all homogeneous a, b, c ∈ A.
It is clear that if A is supercommutative, that is, ab = (−1)∣a∣∣b∣ba, for all homo-
geneous a, b ∈ A, then HC1(A) ≅ HCM1 (A).
Lemma 5.8. We have the following equalities and isomorphisms
(i) H0(A,HC1(A)) = HC1(A),
(ii) H1(A,HC1(A)) ≅ A/[A,A] ⊗K HC1(A),
(iii) H0(A, [A,A]) = [A,A]/[A, [A,A]],
(iv) H0(A,V(A)) ≅ HCM1 (A).
Proof.
(i) Since A acts trivially onHC1(A), we have that Coker (A⊗HC1(A) → HC1(A)) =
HC1(A).
(ii) Since HC1(A) is abelian, by Proposition 3.5 we have that Ker (A⊗HC1(A)→
HC1(A)) ≅ A/[A,A]⊗K HC1(A).
(iii) and (iv) are straightforward. 
It follows that the exact sequence (6) can be written as in the following theorem.
Theorem 5.9. If A is a unital associative superalgebra. Then there is an exact
sequence of supermodules
A
[A,A] ⊗K HC1(A) H1(A,V(A)) H1(A, [A,A])
HC1(A) HCM1 (A) [A,A][A, [A,A]] 0.
Corollary 5.10. If A is perfect as a Lie superalgebra, we have an exact sequence
0→H1(A,V(A))→ H2(A) → HC1(A)→ 0,
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where H2(A) is the usual second homology of the Lie superalgebra A. If in addition
H2(A) = 0, then all terms of the exact sequence in the previous theorem are trivial.
Proof. Since A is perfect we know that H1(A,A) ≅ H2(A), A/[A,A]⊗KHC1(A) = 0
and the map A⊗V(A) → V(A) is surjective. 
6. Non-abelian exterior product of Lie superalgebras
In this section we extend to Lie superalgebras the definition of the non-abelian
exterior product of Lie algebras introduced in [8]. Then we use it to derive the Hopf
formula for the second homology of a Lie superalgebra and to construct a six-term
exact homology sequence of Lie superalgebras.
6.1. Construction of the non-abelian exterior product. Let P be a Lie su-
peralgebra and (M,∂) and (N,∂′) two crossed P -modules. We consider the actions
of M and N on each other via P .
Lemma 6.1. Let M ◻ N be the graded submodule of M ⊗ N generated by the
elements
(a) m⊗ n + (−1)∣m′∣∣n′ ∣m′ ⊗ n′, where ∂(m) = ∂′(n′) and ∂(m′) = ∂′(n),
(b) m0¯ ⊗ n0¯, where ∂(m0¯) = ∂′(n0¯),
with m,m′ ∈ M0¯ ∪M1¯, n,n
′ ∈ N0¯ ∪N1¯, m0¯ ∈ M0¯ and n0¯ ∈ N0¯. Then, M ◻N is a
graded ideal in the centre of M ⊗N .
Proof. Given an element m ⊗ n + (−1)∣m′∣∣n′∣m′ ⊗ n′ of the form (a), suppose that∣m′∣ = ∣n∣, then we have
[x⊗ y,m⊗ n + (−1)∣m′∣∣n′ ∣m′ ⊗ n′] = −(−1)∣x∣∣y∣(yx)⊗ (mn + (−1)∣m′∣∣n′ ∣(m′n′))
= −(−1)∣x∣∣y∣(yx)⊗ (∂(m)n + (−1)∣m′∣∣n′∣(∂(m′)n′))
= −(−1)∣x∣∣y∣(yx)⊗ (∂′(n′)n + (−1)∣m′∣∣n′∣(∂′(n)n′))
= −(−1)∣x∣∣y∣(yx)⊗ ([n′, n] + (−1)∣n∣∣n′ ∣[n,n′])
= 0.
This is also true when ∣m′∣ ≠ ∣n∣. Indeed, if ∣m′∣ ≠ ∣n∣, since ∂, ∂′ are even maps, the
equality ∂(m) = ∂′(n′) holds if and only if ∂(m) = 0 = ∂′(n′). Now take an element
m0¯ ⊗ n0¯ of the form (b). Then we have
[x⊗ y,m0¯ ⊗ n0¯] = −(−1)∣x∣∣y∣(yx)⊗ (m0¯n0¯)
= −(−1)∣x∣∣y∣(yx)⊗ (∂(m0¯)n0¯)
= −(−1)∣x∣∣y∣(yx)⊗ (∂(n0¯)n0¯)
= −(−1)∣x∣∣y∣(yx)⊗ [n0¯, n0¯]
= 0,
for any x⊗ y ∈M ⊗N . This completes the proof. 
Definition 6.2. Let P be a Lie superalgebra and (M,∂) and (N,∂′) two crossed
P -modules. The non-abelian exterior product M ∧N of the Lie superalgebras M
and N is defined by
M ∧N =
M ⊗N
M ◻N
.
The equivalence class of m⊗ n will be denoted by m ∧ n.
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Note that if M = M0¯ and N = N0¯ then M ∧N coincides with the non-abelian
exterior product of Lie algebras [8].
Reviewing Section 3, one can easily check that most of results on the non-abelian
tensor product are fulfilled for the non-abelian exterior product. In particular, there
are homomorphisms of Lie superalgebras M ∧N →M , M ∧N → N and actions of
M and N onM ∧N , induced respectively by the homomorphisms and actions given
in Proposition 3.4. It is also satisfied the isomorphism M ∧N ≅ N ∧M . Further,
given a short exact sequence of Lie superalgebras 0 → K → M → P → 0, as an
exterior analogue of the exact sequence (5), we get the following exact sequence of
Lie superalgebras
K ∧M →M ∧M → P ∧P → 0. (7)
Given a Lie superalgebra M , since id∶M → M is a crossed module, we can
consider M ∧M . It is the quotient of M ⊗M by the following relations
m ∧m′ = −(−1)∣m∣∣m′∣m′ ∧m,
m0¯ ∧m0¯ = 0,
for all m,m′ ∈ M0¯ ∪M1¯ and m0¯ ∈ M0¯. In the particular case when M is perfect,
it is easy to see that M ◻M = 0, so M ∧M ≅M ⊗M and in Theorem 4.1 we can
replace M ⊗M by M ∧M .
6.2. A six term exact homology sequence. In [7], the non-abelian exterior
product of Lie algebras is used to construct a six-term exact sequence of homology
of Lie algebras. In this section we will extend these results to Lie superalgebras.
First of all, we prove an analogue of Miller’s theorem [17] on free Lie superalge-
bras extending the similar result obtained in [7] for Lie algebras.
Proposition 6.3. Let F = F(X) be the free Lie superalgebra on a graded set X.
Then the homomorphism F ∧ F → F , x ∧ y ↦ xy is injective.
Proof. Let us prove that [F,F ] ≅ F ∧F . Using the same notations as in Construc-
tion 2.9, we define a map φ∶alg(X)∗ alg(X)→ F ∧F by ∑i λixiyi ↦ ∑i λi(xi ∧ yi),
where alg(X)∗ alg(X) is the free product of superalgebras. It is easy to see that φ
is a K-superalgebra homomorphism since [x ∧ y, x′ ∧ y′] = xy ∧ x′y′. The ideal I is
contained in alg(X) ∗ alg(X) and by using the defining relations of F ∧F it is not
difficult to check that φ vanishes on I. So we have an induced map from [F,F ] to
F ∧F , which is inverse to the homomorphism F ∧F → [F,F ], x ∧ y ↦ xy. 
Let P be a Lie superalgebra and take the quotient supermodule (P ∧KP )/ Imd3,
where d3∶⋀3K(P )→ ⋀2K(P ) is the boundary map in the homology complex (C∗(P,K), d∗).
Here K is considered as a trivial P -module. We define a bracket in (P ∧K P )/ Imd3
by setting
[x ∧ y, x′ ∧ y′] = [x, y] ∧ [x′, y′]
for all x, y ∈ P . As a particular case of the exterior analogue of Proposition 3.3 we
have
Lemma 6.4. There is an isomorphism of Lie superalgebras
P ∧K P
Imd3
≈ P ∧P.
Corollary 6.5.
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(i) For any Lie superalgebra P there is an isomorphism of supermodules
H2(P ) ≅ Ker(P ∧P → P ).
(ii) H2(F ) = 0 if F is a free Lie superalgebra.
(iii) (Hopf Formula) Given a free presentation 0 → R → F → P → 0 of a Lie
superalgebra P , there is an isomorphism of supermodules
H2(P ) ≅ R ∩ [F,F ][F,R] .
Proof.
(i) This follows immediately from Lemma 6.4.
(ii) This is a consequence of (i) and Proposition 6.3.
(iii) Since F ∧ F ≅ [F,F ], using the exact sequence (7), we have
P ∧P ≅
[F,F ]
[F,R] .
Then Lemma 6.4 completes the proof. 
Theorem 6.6. Let M be a graded ideal of a Lie superalgebra P . Then there is an
exact sequence
Ker(P ∧M → P )→ H2(P )→ H2(P /M)→ M[P,M] → H1(P )→ H1(P /M)→ 0.
Proof. By using the exact sequence (7) we have the following commutative diagram
of Lie superalgebras with exact rows
M ∧P

// P ∧ P

//
P
M
∧
P
M

// 0
0 // M // P //
P
M
// 0.
Since Coker(M ∧P ≅ P ∧M →M) ≅M/[P,M] and Coker(P ∧P → P ) ≅ P /[P,P ] ≅
H1(P ), then the assertion follows by using snake lemma and Corollary 6.5(i). 
In particular, if P is a Lie algebra and M is an ideal of P , then this sequence
coincides with the six-term exact sequence in the homology of Lie algebras obtained
in [7].
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